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Exercise 7

In Exercises 6 through 11, use the formal method, involving an infinite series of residues and
illustrated in Examples 2 and 3 in Sec. 89, to find the function f(¢) that corresponds to the given
function F(s).

1
F(s) = ———.
( s cosh s1/2
4 & )" on — 1)2n%t
Ans. f(t) = ;Z n_lexp {—(4)}

Solution
The inverse Laplace transform of the given function for F'(s) is defined by the Bromwich integral,
1 Y+i0o d
o= [
270 J oo s cosh s1/2

where v is a real constant chosen such that all singularities of the integrand lie to the left of the
infinite vertical line (v — i00, 7y 4 i00) in the complex plane. They occur where the denominator is
equal to zero.
scoshs'/? =0
s=0 or coshs'/?=0

cosist/? =0

1
isl/2:§(2k:—1)7r, k=0,£1,42,... — Sn:_%(2”—1)27 n=12...
Ims .
A Ay +ioo
0 Res
— R >
53 52 81 Y
Y —ico

Figure 1: This is the complex plane with the singularities of the integrand marked as well as the
vertical line (v — i00,y 4 i00).
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The integral is evaluated by considering a closed loop integral in the complex plane containing
this vertical line and then applying the Cauchy residue theorem to get an equation, allowing us to
solve for it. Normally the vertical line loops around back to v — iR by a semicircular arc to the
left, but because of s/2 = /s, a different path has to be taken. This is because for complex s, the
square root function can be written in terms of the logarithm.

1
Vs = exp <2 log 8>

In order for cosh s'/2 to be defined when s is negative, we will choose the following arbitrary

branch cut, not the principal one (|s| > 0, —7 < Args < 7).
1 7 )
= exp [2(lnr—|—ic9)} , <|s| >0, —g <h< g)
_ \/;61‘9/27

where 7 = |s|. Taking the branch cut into account, the closed loop in Figure 2 will be considered.

Figure 2: This is the closed loop that will be considered to calculate the inverse Laplace transform.
The branch cut (|s|] > 0, —77/6 < arg s < 57/6) is represented in the complex plane by the
squiggly line. In order to close the integration path after traversing the vertical line, let it follow a
circular arc Cgr,. Once the path gets to the branch cut at § = 57/6, integrate around it by going
radially along Li, around the origin by a circular arc C, to the underside of the cut, and then
radially again along Lo at § = —77/6. From there, let it follow a circular path Cg, back to v —iR.
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Now that the integration path is closed, the Cauchy residue theorem can be applied, which states
that the integral over this path is equal to 274 times the sum of the residues inside the loop.

ds . 1
?g e815712 = 2mi Z Res 69'5712
o scoshs!/ —5=sn S cosh st/

This closed loop integral is the sum of six integrals, one over each arc in the loop.

/”*"Rest ds . / ot ds /est ds
v—iR s cosh s1/2 s cosh s1/2 s cosh s1/2

CRI Ll

ds ds ds 1
+ [ et— 4 /eSt + / PO —— ¥ ¥ Rese¥'——
/ s cosh s1/2 s cosh s1/2 s cosh s1/2 Zs:sn s cosh s1/2
C, Ly Chr, "

The parameterizations for the arcs are as follows.

; )
Cr,: s=Re?, 0:% - ,9:%
, e m
Cr,: s=Re?, 0 = -5 0= -5
; o T
C,: s=pe?, 0="% = 0=——
Pl STPE 6 6
Ly s:re5i”/6, r=R — r=p
Ly: s=re 1m0 r=p — r=R

In the limit as R — oo the integrals over C'r, and Cg, vanish, and in the limit as p — 0 the
integral over C, tends to —2mi. The integral over L; cancels with the one over L. Proof for each
of these statements will be given at the end.

vtico ds Zoo 1
~—ioco s cosh st/ fs=sn S cosh st/

The residues at s = s,, are evaluated by

1 p(sn)
Res et = ,
s=sn  scoshsl/2  ¢'(sp)

where

1
—  ¢/(s) = coshs'/? + ssinh s'/2 . 5371/2

1
= cosh s'/2 + 531/2 sinh s1/2,

www.stemjock.com



Churchill Complex Variables 8e: Section 89 - Exercise 7 Page 4 of 10

The cosh s'/2 term vanishes upon substituting s,. We have

p(sn) _ esnt;
q'(sn) 25}/2 Slnh51/2
- 2 1
— exp _—Wz@n -] Lo Ltn- 1>7rs11nh [2:(2n — 1)7]
- 2 1
= exp _—%(271 - 1>2t_ % ] %(2?1 -7 silnh [%(271 - 1)ﬂ
- ; 1
= exp _-%(271 - 1>2t_ % ] %(Qn —1)msin [%(271 - 1)”] .

(=1)"~! can be used in place of sin [$(2n — 1)7]. Combining it with the minus sign from i? gives
(1)
2 n
™ 2| 4(=1)
= “Eon -2 2
exp[ 4(n ) ](2n—1)7r

Consequently,

1 4(—=1)" 2
st — _ — 2
sfi%i ¢ scoshs 2 m(2n — 1) P [ 4 (2n—1) t]

Y+ico ds 2
st — 270 =2 ——(2n —1)*].
/7 e i mz exp[ 4(n ) ]

1/2
oo s cosh s1/2

and

Divide both sides by 2mi.

1t o ds > 4(=1)" w2 9
— Y =5 2 e |- 2n - 1)%
27 Jy—ioo © Scoshsl/? nZ::l m(2n — 1) P { 4 (2n—1) }

1 y+ico . ds 4 o0 )n 2
omi | © scoshs? T x i_nexp [‘@”‘ b’ }

Y—100 n—1

Therefore, the inverse Laplace transform of F(s) is

> _1\n 71.2
t)y=1+ % Z (2(711_)1)exp {—4(271 — 1)24 .
n=1
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The Integral Over Cg,

The objective here is to show that

st ds

lim e =0.

E—oo o, scosh s1/2

Start by writing hyperbolic cosine in terms of exponential functions.

/ st ds / st ds
R e
1/2 _gl/2
Cr, s cosh s1/2 Cr, 5200 / )+26Xp( s1/2)

_/ ot 2ds
cr,  slexp(st/2) +exp(—s'/?)]

The parameterization of the circular arc Cg, in Figure 2 is s = Re?, where 6 goes from 7/2 to 57 /6.

_ / O peiny 2(Ric™ df)
w2 ReVlexp(VReR) + exp(—V R
_ / 5 /8 (Rt (cos b-+isin 0) 2i do)
/2 exp [\/ﬁ (cos2 +isin 3 )} + exp [ \/E(cosg—kising)}
_ / /6 pRtcost iRtsing 24 df
™/2 exp (\/Ecos 9) exp ( VRsin ¢ ) + exp ( VR cos ¢ ) exp (—Z\/>s1n )

Now consider the integral’s magnitude.

/ ot ds _
Cp, Scosh s1/2

57/6 N %
< / eRt cos 961Rt sin 0 do
/2 exp (\/E COoS 3 ) exp ( VRsin ) + exp ( VR cos 9) exp ( Rsin %)

/ /8 (Rt cos iRtsind 2idb
/2 exp (\/Ecos )exp( v Rsin ¢ ) +exp< V'R cos 2) exp( ivRsin 2 >

oiREsing |2

57 /6
— / ‘eRtCOSG
w/2

‘exp (\/ﬁcos g) exp ( VRsin ¢ ) + exp ( V'R cos g) exp (—z’ Rsin g))

df

L 9SIDISXT - 8 UOI3I9§ :98 sa[qerieA xo[dwo)) [[IY2anyd)
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/ est ds < /EW/G eRt cos @ 2 A6
Cr, scoshs!/2) /2 ‘exp (\/ﬁcos ) exp ( VRsin ¢ ) + exp ( VR cos ) exp < iv/Rsin 2 )‘
< /SF/G eRt cos @ 2 do
~ Ja/2 ’exp (\/Ecos ) exp ( VRsin ¢ )’ — ‘exp (—\/Ecos 2) exp ( ivRsin 2 ))
— /SF/G eRt cos 0 2 A6
/2 exp (\/ﬁcos g) — exp (—\/Ecos %)

Take the limit of both sides now as R — 0.

/ eStids <
cr, Scosh sl/2| —

Because the limits of integration are constant, the limit may be brought inside the integral.

/ eStL < /57r/6 lim eRt cosf 2 do
CR1 s cosh 31/2 7r/2 R—o0 exp (\/ECOS g) — exp (—\/ECOS g)

Since 6 is between 7/2 and 57/6, the cosine of 6 is negative and the cosine of §/2 is positive. In
addition, R and ¢ are positive, so Rt cosf tends to —oo, v R cos(0/2) tends to oo, and
—V Rcos(0/2) tends to —oo. As a result, the integral tends to zero.

ds
st
/ € s cosh s1/2 =0
CRl

The magnitude of a number cannot be negative.

/ ot ds _
Cr, Scosh s1/2

The only number that has a magnitude of zero is zero. Therefore,

57/6 9
lim eRt cos 6 do

R—00 J 7 /2 exp (\/Ecos g) — exp (—\/RCOS g)

lim
R—o00

lim
R—o0

lim
R—o0

lim
R—o0

. ds
lim e‘“ti1 5 = 0.
R~ Jo, ~ scoshs /
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The Integral Over Cg,

The objective here is to show that

. ds
lim e“(”ti12 = 0.
R—oo Jop, ~ scoshs /

Start by writing hyperbolic cosine in terms of exponential functions.

/ st ds / st ds
et = e
1/2 _cl/2
Cr, s cosh s1/2 Cr, 5200 / )+2exp( s1/2)

_/ ot 2ds
Cr,  Slexp(st/2) + exp(—s1/2)]

The parameterization of the circular arc Cg, in Figure 2 is s = Re?, where 6 goes from —77/6 to —m/2.

/_W/2 Reif¢ 2(Rie' db)
= e - - :
—tr/6 Ref[exp(VRe?/2) + exp(—v/Rei?/?)]
— /ﬂ/Q eRt(cos 0+isin 6) 20do
—77/6 exp [\/E (cos 5+ 78Iin 5 )} + exp [ \/E (cosg + 7 sin g)]
_ /W/2 Rtcosf iRtsinf 2i df
= e e
~7n/6 exp (\/Ecos 0) exp ( VRsin ! ) + exp ( VR cos ! ) exp <—2\Fsm )

Now consider the integral’s magnitude.

/ st ds
€ 1/2
Cr, S cosh s1/

/ /2 (Rt cos 0 iRtsin0 2ido
/6 exp (x/ﬁcos %) exp < vV Rsin ¢ > + exp ( VR cos? ) exp ( ivRsin 2 )

S/ ethosQGZRtsmﬁ do
—7r/6 exp (\/Rcos 0) exp ( VRsin ) + exp ( VR cos 0) exp ( Rsin %)

oiRtsing |2

—7/2
_ / ‘eRtCOSO
—Tr/6

‘exp (\/Ecos g) exp ( VRsin ¢ ) + exp ( VR cos g) exp (—i Rsin g)}

db
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/ est ds < /_W/2 ethos@ 2 4o

Cr, scoshs!/2) —~Tn/6 ’exp (\/Ecos ) exp ( VRsin ¢ ) + exp ( VR cos ! ) exp (—Z\Fsm ) ’
< /—7r/2 ethosH 2 Ao
Jns6 ’exp <\/§COS ) exp ( VRsin ¢ )‘ — ‘exp (—\/Ecos 2) exp < ivRsin 2 )‘

_ /_7T it coso 2 do
~Tr/6 exp <\/§cos g) — exp <—\/ECOS g)

Take the limit of both sides now as R — 0.

/ eStidS <
Cp, Scosh sl/2| —

Because the limits of integration are constant, the limit may be brought inside the integral.

/ est _ds < /_W/Z lim efttcos? 2 do
Cr, 98 cosh s1/2 —7m /6 o0 exp (\/Ecos g) — exp (—\/Ecos %)

Since 6 is between —77/6 and —7/2, the cosine of 6 is negative and the cosine of /2 is either
positive or negative. In addition, R and t are positive, so Rt cos @ tends to —oo, vV R cos(0/2)
tends to o0, and —v/Rcos(0/2) tends to Foo. As a result, the integral tends to zero.

ds
st
/ € s cosh s1/2 =0
CR2

The magnitude of a number cannot be negative.

/ ot ds _
Cr, Scosh s1/2

The only number that has a magnitude of zero is zero. Therefore,

lim /2 eRt cos 2 do

R—oo | _77/6 exp (\/Ecos %) — exp (—\/ECOS g)

lim
R—o00

lim
R—o0

lim
R—o0

lim
R—o0

. ds
lim e‘“ti1 5 = 0.
R~ Jcp  scoshs /
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The Integral Over C,

The objective here is to show that

ot ds

lim e = —271.

p=0Jc,  scoshsl/?

Start by writing hyperbolic cosine in terms of exponential functions.

/ ot ds :/ ot ds
1/2 _gl/2
¢, scoshs!/? c, g )+2exp( s1/2)

/ ot 2ds
c, slexp(s!/2) 4 exp(—s'/2)]

The parameterization of the circular arc C, in Figure 2 is s = pe', where 6 goes from 57 /6 to
—7m/6.

_ / 6 Qpeitt 2(pie® do)
57/6 pei[exp(y/pe’?/2) + exp(—,/pei?/2)]

_ /—77r/6 €peiet 27 db
51/6 eXp(\/ﬁew/?) + exp(— \/ﬁei(m)

Now take the limit of both sides as p — 0.

, o ds Y kLAY 2i df
lim et —— = lim ef . -
p=0Jc,  scoshs'/2  p=0J506 exp(y/pet?/2) + exp(—,/pe’f/?)

Because the limits of integration are constant, the limit may be brought inside the integral.

o ds /—”/6 0 2i df
5

lim ef®

li . -
m e o P exp(\/ﬁew/Z)—l—eXp(—\/ﬁew/Q)

p—0Jc,  scosh s1/2

/7”/6 2i df
= e
57 /6 exp(0) + exp(0)

—T7/6
— / i do
57/6
_ | Tm 57
N 6 6
Therefore,
ot ds

lim e = —2mi.

p—0Jc,  scosh s1/2
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The Integral Over L,

The parameterization of the radial arc L; in Figure 2 is s = re®7/6

et = e , .
s cosh s1/2 R 7edim/6 cosh(y/redin/12)
L1

, where r goes from R to p.

_ /p eresm/st dr
Jr 7 cosh(y/redm/12)
dr
r cosh [\/77 (‘/61‘/5 + i‘/ézﬁﬂ

dr
r cosh [\/77 (‘/61\/5 + i‘/gi‘/i)}

The Integral Over L,

—Tim /6

The parameterization of the radial arc Lo in Figure 2 is s = re , where 1 goes from p to R.

/ st ds /R re=Tim/64 dr e~ T7/6
e = e - i

s cosh s1/2 » re=Tim/6 cosh(y/re—Tim/12)
Lo

/R ere—”’*/Gt dr
o r cosh(y/re~Tim/12)

—/Rexp Tt (_\/§+z> dr
p L 2 2 | rcosh [ﬁ(‘*/gjﬁ—i*/éz‘/i)}

= /Rexp _rt (—\/g + z>_ dr
p L 2 2 | rcosh [ﬁ(ﬁz/ﬁ +i‘/gj:ﬁ>}

Therefore,
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